Abstract. We compute the flux of Killing fields through ends of constant mean curvature 1 in hyperbolic space, and we prove a result conjectured by Rossman, Umehara and Yamada : the flux matrix they have defined is equivalent to the flux of Killing fields. We next give a geometric description of embedded ends of finite total curvature. In particular, we show that we can define an axis for these ends that are asymptotic to a catenoid cousin. We also compute the flux of Killing fields through these ends, and we deduce some geometric properties and some analogies with minimal surfaces in Euclidean space.
Introduction
Bryant surfaces are surfaces with constant mean curvature one in hyperbolic 3-space H 3 (with the convention that the mean curvature of a surface is one half of the trace of its second fundamental form). These surfaces have been studied first by Bryant ([Bry87] ). He derived a representation in terms of holomorphic data, analogous to the Weierstrass data for minimal surfaces in R 3 . Umehara and Yamada have defined the notion of regular ends of Bryant surfaces ( [UY93] ): these are ends conformally parametrized by the punctured complex disk and such that the hyperbolic Gauss map extends meromorphically to the puncture (if the hyperbolic Gauss map has an essential singularity at the puncture, the end is said to be irregular). They also have studied the Weierstrass data of Bryant surface ends of finite total curvature.
Collin, Hauswirth and Rosenberg ([CHR01] ) have shown that properly embedded annular ends have finite total curvature and are regular. Yu ([Yu01] ) has shown that irregular ends are never embedded. Sá Earp and Toubiana ( [SET01] ) studied the geometry of embedded ends of finite total curvature (hence regular). They showed that, in the upper half-space model of H 3 , such ends are, up to an isometry of H 3 , vertical Euclidean graphs and are asymptotic to a catenoid cousin of revolution or a horosphere as vertical Euclidean graphs. They also defined the growth of such ends. If E is a half-catenoid cousin whose asymptotic boundary is ∞, then the image of E by a Euclidean horizontal translation (which is a parabolic isometry of H 3 ) is asymptotic to E in the sense of Sá Earp and Toubiana (see figure 1) . . It is the sum of an integral along a curve Γ and of an integral over a compact surface whose boundary is Γ. This flux is a homology invariant. The second flux is the residue-type flux matrix defined by Rossman, Umehara and Yamada ( [RUY99] ). This flux can be easily computed from the Bryant representation of the surface. It is also a homology invariant. Rossman, Umehara and Yamada conjectured that these two notions of flux were equivalent.
In this paper, we prove this conjecture. We compute the flux of Killing fields associated to translations and rotations through Bryant surface ends. We show that it only depends on the residues of three meromorphic one-forms (theorems 1 and 2). These residues are, up to constant factors, the coefficients of the flux matrix defined by Rossman, Umehara and Yamada. Moreover, we define a complex polynomial of degree at most two, called flux polynomial, whose coefficients are these residues (theorem 3). This polynomial contains all the information given by the flux and satisfying a "balancing formula".
The second aim of this paper is to complete the geometric study of embedded ends of finite total curvature started in [SET01] . We show that we can define an axis for such ends that are asymptotic to a catenoid cousin (theorem 4). This means that these ends are asymptotically surfaces of revolution. We call these ends catenoidal ends. The analogous result for embedded ends of finite total curvature of minimal surfaces in R 3 has been proved by Schoen ([Sch83] ).
We next compute the flux for embedded ends of finite total curvature. We obtain that the flux of the Killing field associated to the translation along the geodesic (C, D) through a catenoidal end is ϕ = π(1 − µ 2 )(2 Re(A, C, D, B) − 1)
where (A, B) is the axis of the end, 1 − µ its growth, and where (A, C, D, B) denotes the cross-ratio (theorem 6). This formula is one of the simplest we could expect, since it depends only on the asymptotic behaviour of the end. We also show that the flux for a horospherical end is zero if and only if its Hopf differential is regular at the end (theorem 7). Thus, the flux for Bryant surfaces plays the same role as the flux and the torque for minimal surfaces in R 3 (the torque is defined in [KK93] ; see also [HK97] for definitions and basic properties of the flux and the torque). Indeed, the flux and the torque for a catenoidal end depend only on the growth and the axis of the end, and the torque for a planar end (the analogue of a horospherical end) is zero if and only if the Hopf differential is regular at the end, i.e. the degree of the Gauss map at the end is at least 3 (see [Rom97] ).
Finally, we give some geometric applications of the flux. If a Bryant surface has exactly two catenoidal ends (and no others) with distinct asymptotic boundaries, then the ends have the same growth and the same axis (proposition 4). If a Bryant surface has exactly three catenoidal ends (and no others) with distinct asymptotic boundaries, then the axes are coplanar and concurrent (possibly in the asymptotic boundary of H 3 ) (proposition 5). The same results hold for minimal surfaces in R 3 .
Preliminaries and notations
In this paper, the model used for hyperbolic 3-space is the upper half-space model :
with the metric
<, > and ||.|| denote respectively the hyperbolic metric and the hyperbolic norm on H 3 . If X 1 = (α 1 , β 1 ) and X 2 = (α 2 , β 2 ) are two vectors in the tangent space of H 3 at the point (ζ, w), then < X 1 , X 2 >= (Re(ᾱ 1 α 2 ) + β 1 β 2 )/w 2 . In the model of the unit ball of R 3 for hyperbolic space, the asymptotic boundary of hyperbolic space is the sphere of radius 1. In the half-space model, we identify the asymptotic boundary of H 3 with the Riemann spherē C composed of the plane {ζ = 0} and of the point at infinity which we denote ∞.
The asymptotic boundary of a part of H 3 is the set of its accumulation points inC.
The identification between the upper half-space model and the Minkowski model for H 3 is the same as that described in [SET01] (remark 1.11). Consequently, if f is a constant mean curvature one immersion of a Riemann surface M into the Minkowski model of the hyperbolic space, if F = A B C D is its Bryant representation (see [Bry87] ), then we have f = F F * , and the corresponding immersion X = (ζ, w) : M → H 3 in the upper half-space model is given by
We recall that A, B, C and D are holomorphic functions defined on the universal cover of M and satisfying AD − BC = 1 and dAdD − dBdC = 0.
If (g, ω) denote the Weierstrass data of the end (see [Bry87] or [UY93] ), the 2-form ωdg is called the Hopf differential of the end. It is single-valued on M (contrarily to g and ω). It is invariant by an isometry of H 3 . The hyperbolic Gauss map is given by G = dC dA = dD dB . It is single-valued on M . This expression slightly differs from that of [Bry87] , [UY93] and other papers because of the chosen identification (see [SET01] , remark 1.11). The one-form
gives the Weierstrass data of the dual immersion, see [UY97] ). Hence the following one-forms are single-valued on M :
For regular ends of finite total curvature, the Hopf differential ωdg has a pole of order greater than or equal to −2 at zero (see [UY93] ). Its order does not depend on the parametrization.
In the Minkowski model, a direct isometry is a map N → P N P * where
In the half-space model, this isometry induces on C the map ζ → δζ+γ βζ+α because of the chosen identification. If A and B are two distinct points inC, (A, B) denotes the oriented geodesic of H 3 going from A to B.
If z 1 , z 2 , z 3 and z 4 are four points inC such that z 1 = z 4 and z 2 = z 3 , we define their cross-ratio by
We recall that there exists a direct isometry (respectively an indirect isometry) of H 3 which maps z 1 , z 2 , z 3 and z 4 to z 
). In this paper, Ω will denote any neighbourhood of 0 in C, and Ω * will denote the set Ω \ {0}.
The flux of a Killing field Y through an annular Bryant surface end E is defined by
where Γ is a generator of π 1 (E), K a topological disk whose boundary is Γ, η the conormal to Γ in the direction of the asymptotic boundary of the end and ν the normal to K chosen as follows : we choose on Γ the orientation such that (Γ, η, − H) is the orientation of H 3 and ν such that it induces the same orientation on Γ. The normal ν induces an orientation on K and Γ. These choices have been made in order to be compatible with Stokes's forumula.
This number ϕ does not depend on the choices of Γ and K (see [KKS89] and [KKMS92] ). We shall notice that in [KKS89] and [KKMS92] the mean curvature is defined as the trace of the second fundamental form (and not its half), which explains the coefficient 2 in the formula.
If α is a n-form on H 3 and X a vector field, then the interior product of α by X is denoted i X α and defined by i X α(ξ 1 , . . . , ξ n−1 ) = α(X, ξ 1 , . . . , ξ n−1 ). The Lie derivative of α with respect to X is denoted L X α. We recall Cartan's forumula :
3. Flux of Killing fields 3.1. Killing fields associated to translations. Definition 1. Let A and B be two distinct points inC. Let Φ t be the translation of distance t ∈ R along the geodesic (A, B) . Then the vector field Y defined by
is called the Killing field associated to the translation along (A, B).
The Killing field associated to the translation along (B, A) is the opposite of the Killing field associated to the translation along (A, B). Elementary computations give the following lemma. 
is an isometry of H 3 which maps the geodesic (ζ 
, where Z is the Killing field associated to the translation along (ζ 
Proof. We proceed as for lemma 2 and we use the same notations. Since the map Φ is an indirect isometry of H 3 , we have Y = −Φ * Z where Z is the Killing field associated to the rotation about (ζ ′ 0 , ∞).
3.3. Flux of Killing fields associated to translations. In this section, ζ 0 and ζ 1 are two complex numbers such that ζ 0 = 0, and E denotes a Bryant surface end whose Bryant representation is
We denote by X = (ζ, w) : Ω * → H 3 the corresponding conformal immersion in the upper half-space model.
We will denote by (ρ, τ ) the polar coordinates in Ω (i.e. z = ρe iτ ). We have the following relationships for derivation operators :
Lemma 5. Let Y be the Killing field associated to the translation along the geodesic
where
Proof. Let ρ > 0 such that the circle {z ∈ C||z| = ρ} is included in Ω. Let Γ be the curve on E defined by τ → X(ρe iτ ). Let K be a disk whose boundary is Γ.
We remark that we must take on Γ the orientation given by −Γ ′ . Indeed, because of the conventions for the sign of the mean curvature, positive mean curvature means that the orientation induced by the immersion X is the same as the orientation induced by the mean curvature vector H ; consequently, the basis (η, Γ ′ , H) is indirect. We note ν and η the normal to K and the conormal to Γ, chosen as explained in section 2.
The conormal η to Γ is a unit vector lying in the tangent plane and normal to Γ ′ (τ ) = ∂ ∂τ X(ρe iτ ). Since the parametrization X is conformal, the conormal η is necessarily colinear to ∂ ∂ρ X(ρe iτ ). Since η must point in the direction of 0 ∈ C, we have
Then we have
According to lemma 2, we have
Consequently we have
Let α be the canonical volume form of
Hence there exists a 1-form β such that i Y α = dβ.
β is the dual form of a vector field Z, i.e. we have β(ξ) =< Z, ξ >.
We compute that we can take
Let (e 1 , e 2 ) be an orthonormal basis of the tangent space of K such that the basis (e 1 , e 2 , ν) is direct. Then we have i Y α(e 1 , e 2 ) = α(e 1 , e 2 , Y ) =< ν, Y >. Consequently, on K the form i Y α is equal to < ν, Y > times the canonical volume form of K. Hence we have
On the other hand, Stokes's formula implies that
since we must take on Γ the orientation given by −Γ ′ , as explained before. Consequently we have
with
Since the real part does not change if we replace the first terms of s 1 and s 2 by their conjugates, we obtain the expected result.
Lemma 6. We have the following identities :
Proof. Recall that ζ =Ā C +BD |A| 2 + |B| 2 where A, B, C and D are multivaluated holomorphic functions.
We compute that
And since w = 1 |A| 2 + |B| 2 , we obtain relation (3).
Relations (4) and (5) are consequences of elementary computations using the fact that we have
−iτĀ′ , and the analogous identities for B, C and D (because these are multivaluated holomorphic functions).
Lemma 7. We have
Proof. We have the above expression for s(ρ, τ ) with
The announced expression of a 2 (z) is a consequence of formula (3). Because of formulae (3) and (4) we have
Thus we obtain the above expression for a 1 (z) using formula (5).
Finally we have
As an immediate consequence of lemmas 5 and 7 we obtain the following result.
Lemma 8. Let Y be the Killing field associated to the translation along the geodesic
where ϕ 0 = 4π Res(DdC − CdD), ϕ 1 = 4π Res(CdB − DdA) and ϕ 2 = 4π Res(BdA − AdB).
Now we deal with the case where one of the extremities of the geodesic is the point ∞. If D = ∞ and C = ∞, then we set ζ 1 = C, and the result comes from lemma 9.
If C = ∞ and D = ∞, then the result follows from the above case and the fact that both the flux and the announced expression are antisymmetric with respect to (C, D). Proof. We proceed as in lemma 5, with
(see lemma 4) and
Using this lemma, we proceed as in section 3.3 to compute the flux of Killing fields associated to rotations.
Theorem 2. Let C and D be two distinct points inC. Let Y be the Killing field associated to the rotation about the geodesic (C, D). Then the flux of
3.5. Flux polynomial and equivalence with the residue-type flux matrix.
Theorem 3. Let E be a Bryant surface end whose Bryant representation
Then there exists a unique polynomial
for all couples (C, D) of distinct points inC, the flux of the Killing field associated to the translation along the geodesic
(C, D) through E is Re P E (C, D) C − D and
the flux of the Killing field associated to the rotation about the geodesic
The polymomial
Proof. This is a reformulation of theorems 1 and 2.
Remark 1. We have
Remark 2. Knowing the flux polynomial is equivalent to knowing the flux of Killing fields associated to all translations and rotations.
In 
where Γ is a loop around 0 with positive orientation. This matrix does not depend on the choice of Γ. It is the residue at zero of the form
which is single-valued. Hence it does not depend on the parametrization. Consequently, since BdC − AdD = −(CdB − DdA), we have
Thus the coefficients of the flux matrix Φ are, up to constants, the same as the coefficients of the flux polynomial. This proves the conjecture of Rossman, Umehara and Yamada ([RUY99], remark following example 8) : knowing the flux matrix Φ of the end E is equivalent to knowing the flux through E of all Killing fields associated to translations and rotations.
We considered these two notions of flux for loops Γ generating the fundamental group of an end. We can actually define these fluxes for any loop Γ on a Bryant surface. We consider a neighbourhood of Γ in the surface that is conformally parametrized by {z ∈ C|1 − ε < |z| < 1 + ε} and such that Γ is homologous to the curve corresponding to the circle {|z| = 1}. Then the flux of a Killing field Y through Γ is equal to its flux through the curve corresponding to the circle {|z| = 1} (since the flux is a homology invariant). Thus we obtain, theorems 1, 2 and 3 with ϕ 0 = −2i {|z|=1} (DdC − CdD), ϕ 1 = −2i {|z|=1} (CdB − DdA) and ϕ 2 = −2i {|z|=1} (BdA − AdB). These coefficients are, up to constants, the coefficients of the flux matrix Φ = −
Hence the two notions of flux are equivalent for any loop Γ on the surface, and consequently for any homology class on the surface.
Remark 3. It is easy to compute the flux matrix Φ of an end E that is the image by a direct isometry of H
3 of an end E 0 whose flux matrix Φ 0 is known. Indeed, if F and F 0 are the Bryant representations of E and E 0 , then there exists a matrix P ∈ SL 2 (C) such that F 0 = P F . Then Φ = P −1 Φ 0 P .
Embedded Bryant surface ends of finite total curvature
Let us first recall and complete the results of Sá Earp and Toubiana
Let E be an enbedded Bryant surface end of finite total curvature which is not part of a horosphere. We recall that E is necessarily regular (see [Yu01] ). Then, according to [Bry87] , the associated Weiertrass data have the following form :
We distinguish two cases : the case where µ + ν = −1 will be dealt with in section 4.1 and the case where µ + ν 0 will be dealt with in section 4.2.
Catenoidal ends.
4.1.1. General representation. In this section we assume that µ + ν = −1. In this case the Hopf differential ωdg is of degree −2. Then, according to [SET01] , we have µ = 1 and, after replacing f (z) by 1,
This second equation implies that
The Bryant representation of E is given by
where f 1 , f 2 , r and g 2 are holomorphic functions near 0 satifying
The functions f 1 and f 2 are such that
) is a basis of the vector space of the solutions of the equation
The functions r and g 2 are such that (z → z r1 r(z), z → z r2 g 2 (z)) is a basis of the vector space of the solutions of the equation
Remark 4. Since λ 2 = λ 1 + 1, the function f 2 is uniquely defined, and the function f 1 is uniquely defined if we fix the value of its derivative at zero. In the same way, since r 2 = r 1 + 1, the function g 2 is uniquely defined, and the function r is uniquely defined if we fix the value of its derivative at zero.
From the identity ω = AdC − CdA (see [UY93] or [Ros02] ) we obtain that
). Taking the order 1 terms, we get (11) f ′ 2 (0) = 0. In the same way, from the identity g 2 ω = BdD − DdB (see [UY93] or [Ros02] ) we obtain that
). Taking the order 1 terms, we get
Canonical representation. Sá Earp and Toubiana ([SET01]
) have shown that we can reduce ourselves to a more simple Bryant representation up to an isometry of H 3 . More precisely, we can choose complex numbers α, β, γ and δ satisfying αδ − βγ = 1, αa 1 + βc 1 = αb 1 + βd 1 = γa 2 + δc 2 = 0, and
obtain an end which is the image of E by a direct isometry Ψ of H 3 , which has the same Weierstrass data as E, and whose Bryant representation is given by
where g 1 is a holomorphic function near 0 satifying g 1 (0) = 1. The isometry Ψ induces onC the map ζ → δζ+γ βζ+α , which we also denote Ψ. Definition 3. Let µ ∈ (0, 1) ∪ (1, ∞) and Z ∈ C. An end which has Weierstrass data given by (6) and a Bryant representation F given by (14) , where f 1 has been chosen such that
(see remark 4), is called a canonical catenoidal end of growth 1 − µ, of asymptotic boundary ∞ and of axis (Z, ∞), and the Weierstrass data given by (6) and the Bryant representation F given by (14) are called respectively its canonical Weierstrass representation and its canonical Bryant representation.
We now explain this terminology by giving a geometric description of such an end. Proof. We assume that the Weierstrass data of E are given by (6) and its Bryant representation F by (14), with Z =
. Because of formulae (1) and (2), in the upper half-space model the end E is given by
.
From this we deduce that the asymptotic boundary of E is actually ∞. Defineζ 
where p is the largest integer such that 2pµ < 2 and the α j are real constants which depend only on µ. Consequently, we have the following asymptotic development for the inverse function :
when w tends to ∞ if µ < 1 and to 0 if µ > 1, and where the β j are real constants which depend only on µ.
We also have
where q is the largest integer such that 2qµ 1 and the γ j are real constants which depend only on µ.
Reporting the asymptotic development of w, we get
where the δ j are real constants which depend only on µ.
The same arguments hold for the canonical catenoid of axis (0, ∞) parametrized by (ζ,w). Consequently we get
This means that the end E is asymptotic, in the neighbourhood of ∞ ∈C, to a half-catenoid cousin of growth 1 − µ and of axis of revolution (Z, ∞), in a stronger sense than the sense defined in [SET01] (in [SET01] , two halfcatenoid cousins whose asymptotic boundary is ∞ and having the same growth are asymptotic to each other up to a Euclidean homothety, independently of their axes). The complex number Z is the only one with this property. A half-catenoid cousin of growth 1 − µ, of aymptotic boundary B and of axis of revolution (A, B) is of course a catenoidal end of growth 1 − µ, of aymptotic boundary B and of axis (A, B) .
A canonical catenoidal end of growth 1 − µ, of aymptotic boundary ∞ and of axis (Z, ∞) is a catenoidal end of growth 1 − µ, of aymptotic boundary ∞ and of axis (Z, ∞) : it suffices to consider the isometry (ζ, w) → (ζ − Z, w).
We can now prove the following theorem. 
Moreover we have χ = 1 − µ and, if the Bryant representation of E is given by
we have A = c ′ (0)/a ′ (0) and B = c(0)/a(0).
Proof. The existence has already been proved in section 4.1.1 and in the beginning of section 4.1.2 (choosing f ′ 1 (0) = 0, see remark 4). The uniqueness of B is clear, since the asymptotic boundary of E is the set of its accumulation points inC.
Assume that there exist two points A 1 and A 2 and two numbers µ 1 and µ 2 such that E is both a catenoidal end of growth 1 − µ 1 and of axis (A 1 , B) and a catenoidal end of growth 1 − µ 2 and of axis (A 2 , B). Then there exists an isometry Ψ 1 of H 3 which maps A 1 to 0, B to ∞ and E to a canonical catenoidal end of growth 1 − µ 1 and of axis (0, ∞), and there exists an isometry Ψ 2 of H 3 which maps A 2 to 0, B to ∞ and E to a canonical catenoidal end of growth 1 − µ 2 and of axis (0, ∞).
Consequently there exists a parametrization (w, τ ) → (ζ 2 (w, τ ), w) of the end Ψ 2 (E) such that ζ 2 (w, τ ) =ζ µ2 (w, τ ) + o(1) when w tends to ∞ if µ 2 < 1 and to 0 if µ 2 > 1, whereζ µ2 corresponds to the canonical catenoid of growth 1 − µ 2 and of axis (0, ∞).
The isometry Ψ 1 • Ψ −1 2 fixes ∞ and maps 0 to Z = Ψ 1 (A 2 ). Assume that this isometry is direct. Then it is the composition of a twist about (0, ∞) and of the Euclidean translation by the vector Z. Consequently, the end Ψ 1 (E) has a parametrisation of the form (w, τ ) → (λζ 2 (w/|λ|, τ )+Z, w) with λ ∈ C * . On the other hand, there exists a parametrization (w, τ ′ ) → (ζ 1 (w, τ ′ ), w) of Ψ 1 (E) such that ζ 1 (w, τ ′ ) =ζ µ1 (w, τ ′ ) + o(1) when w tends to ∞ if µ 1 < 1 and to 0 if µ 1 > 1, whereζ µ1 corresponds to the canonical catenoid of growth 1 − µ 1 and of axis (0, ∞).
The numbers 1−µ 1 and 1−µ 2 must have the same sign, since w cannot tend to both ∞ and 0. And there exists τ such that Z = c(w)ζ µ1 (w, τ ) with c(w) 0 and for each w there exists τ ′ (w) such that ζ 1 (w, τ ) = λζ 2 (w/|λ|, τ ′ (w)). We deduce that
Using the expressions ofζ µ1 andζ µ2 , we obtain that µ 1 = µ 2 , e i(τ ′ (w)−τ ) → λ and hence |λ| = 1. Writing λ = e iθ , we have
and so
Taking the imaginary part in (15) we get
and consequently
On the other hand, taking the real part in (15) we get
and finally
This means that Z = 0. We conclude that
2 is indirect, then it is the composition of the symmetry about the plane {Re ζ = 0} and of the two aforementioned isometries, so the same arguments hold, replacingζ µ2 by its conjugate.
To complete the proof, it now suffices to compute the values of A and B. Using the notations of the beginning of section 4.1.2 with f ′ 1 (0) = 0 (see remark 4), we have a = a 1 f 1 + a 2 zf 2 and c = c 1 f 1 + c 2 zf 2 . Hence we get a(0) = a 1 , a ′ (0) = a 2 , c(0) = c 1 and c ′ (0) = c 2 . The expression of B follows from formulae (1) and (2). And since γa 2 + δc 2 = 0, we have Ψ(c 2 /a 2 ) = 0 (even if a 2 = 0), so A = c 2 /a 2 = c ′ (0)/a ′ (0).
Remark 5. The fact that |λ| = 1 means that among all the half-catenoid cousins of growth 1 − µ, of asymptotic boundary B and of axis (A, B) there exists a unique one to which E is strongly asymptotic.
The following fact is now clear. 
Horospherical ends.
4.2.1. General representation. In this section, we assume that E is an end whose Weierstrass data are given by (6) with µ + ν 0. Since we have a single-valued embedding, according to [SET01] we have ν = −2, µ ∈ N, µ 2,
where f 1 , f 2 , r and g 2 are holomorphic functions near 0 satifying f 1 (0) = f 2 (0) = r(0) = g 2 (0) = 1, and where a 1 , a 2 , b 1 , b 2 , c 1 , c 2 , d 1 and d 2 are complex numbers satisfying
The functions f 1 and f 2 are such that (z → z −1 f 1 (z), z → f 2 (z)) is a basis of the vector space of the solutions of the equation
The functions r and g 2 are such that (z → r(z), z → z 2µ−1 g 2 (z)) are a basis of the vector space of the solutions of the equation
Remark 8. The function f 2 is uniquely defined, and the function f 1 is uniquely defined if we fix the value of its derivative at zero.
Canonical representation. As for catenoidal ends, Sá Earp and Toubiana ([SET01]
) have shown that we can reduce ourselves to a more simple Bryant representation up to an isometry of H 3 . More precisely, we can choose complex numbers α, β, γ and δ satisfying αδ − βγ = 1, αa 1 + βc 1 = αb 1 + βd 1 = γa 2 + δc 2 = 0, and αa 2 + βc 2 = 1. If we replace F = A B C D by α β γ δ A B C D , we obtain an end which is the image of E by a direct isometry Ψ of H 3 , which has the same Weierstrass data as E, and whose Bryant representation is given by
where g 1 is a holomorphic function near 0 satifying g 1 (0) = 1, b ∈ C * and c ∈ C * . The isometry Ψ induces onC the map ζ → δζ+γ βζ+α , which we also denote Ψ.
Definition 5. An end which has Weierstrass data given by (6) and a Bryant representation F given by (18) is called a canonical horospherical end of asymptotic boundary ∞, and the Weierstrass data given by (6) and the Bryant representation F given by (14) are called respectively its canonical Weierstrass representation and its canonical Bryant representation.
We now assume that the end E has Weierstrass data given by (6) and a Bryant representation F given by (18).
Because of formulae (1) and (2), in the upper half-space model the end E is given by
From the identity ω = AdC − CdA we obtain that
Taking the order zero term, we get
Taking the order one term, we get
. Taking the order one term in the identity AD − BC = 1, we get
Since the end has finite total curvature and is regular, we can write
We compute that ωdg = µz µ−3 h(z)dz 2 .
Hence we have q −2 = 0 and
4.3. Classification. Here we summarize the results we have obtained. Proof. It sufficies to show that we cannot be in two cases at the same time. This is a consequence of the fact that the Hopf differential is zero for horospheres, is non-zero and has a degree greater than or equal to −1 for horospherical ends, and has a degree equal to −2 for catenoidal ends. 
the flux of the Killing field associated to the rotation about the geodesic
the flux of the Killing field associated to the translation along the geodesic
and the flux of the Killing field associated to the rotation about the geodesic
Proof. Using the canonical Bryant representation (14), we compute that the coefficients of the flux polynomial are
Applying theorems 1, 2 and 3, we obtain the announced results. 
(In the case where A = ∞ (respectively B = ∞), the above formula means
Proof. We first compute the flux ϕ of the Killing field Y associated to the translation along the geodesic (C, D). According to what has been done in section 4.1, the end E has Weierstrass data given by (6), a Bryant representation F given by (9), and, given a complex number Z, there exists a direct isometry Ψ of H 3 which maps E to a canonical catenoidal end of growth 1 − µ, of asymptotic boundary ∞ and of axis (Z, ∞).
Assume that neither C nor D is equal to B. Set ζ 0 = Ψ(C) − Ψ(D) and ζ 1 = Ψ(D). Then ζ 0 and ζ 1 are different from ∞, and Ψ maps A to Z, B to ∞, C to ζ 0 + ζ 1 and D to ζ 1 . Hence the flux ϕ of Y through E is equal to the flux of the Killing field associated to the translation along the geodesic (ζ 0 + ζ 1 , ζ 1 ) through Ψ(E). This flux has been calculated in lemma 11 : we have
And since the map Ψ conserves the cross-ratio, we have (Z, ζ 0 + ζ 1 , ∞, We proceed in the same way for the flux of Killing fields associated to rotations. Then the expression of the flux polynomial follows from theorem 3. 
The number κ is called the flux coefficient of E. We have κ = 0 (or, equivalently, Π E (X) = 0) if and only if the Hopf differential ωdg of the end E is holomorphic at zero, i.e. the degree µ of the secondary Gauss map g at zero is at least 3.
Proof. We first compute the flux ϕ of the Killing field Y associated to the translation along the geodesic (C, D) .
According to what has been done in section 4.2, there exists a direct isometry Ψ of H 3 which maps E to a canonical horospherical end of asymptotic boundary ∞. We use the notations of the beginning of section 4.2.2, with f ′ 1 (0) = 0 (see remark 8).
Assume that neither C nor D is equal to B. Set ζ 0 = Ψ(C) − Ψ(D) and ζ 1 = Ψ(D). Then ζ 0 and ζ 1 are different from ∞, and Ψ maps B to ∞, C to ζ 0 + ζ 1 and D to ζ 1 . Hence the flux ϕ of Y through E is equal to the flux of the Killing field associated to the translation about the geodesic (ζ 0 + ζ 1 , ζ 1 ) through Ψ(E). This flux has been calculated in lemma 12 : we have
We have a = a 1 f 1 + a 2 zf 2 and c = c 1 f 1 + c 2 zf 2 . Hence we get a(0) = a 1 , a ′ (0) = a 2 , c(0) = c 1 and c
Using what has been done in the beginning of section 4.2.2, we compute that, if B ∈ C, then
and if B = ∞, then
We deal with the cases where C or D is equal to B as for theorem 6, using lemma 12.
We proceed in the same way for the flux of Killing fields associated to rotations. Then the expression of the flux polynomial follows from theorem 3.
Moreover, the nullity of κ is equivalent to the nullity of q −1 . Proof. Let Γ be a generator of π 1 (E). Since a horosphere is simply connected, Γ is homotopic to zero in the horosphere. Consequently, the fluxes are zero. Thus the flux polynomial is also zero.
Geometric applications
Definition 6. Let n be a positive integer. Let Σ be a complete immersed Bryant surface. We say that Σ is a n-catenoidal surface if Σ has exactly n ends and each end is an embedded end of finite total curvature. A computation gives A 1 = σ 1 − σ 2 + σ 3 3σ 1 + σ 2 − σ 3 , A 2 = σ 2 σ 3 − σ 1 ,
Consequently the points A j are uniquely determined. Moreover, all the A j and B j are real. This means they lie in the same plane.
All the geodesics (A j , B j ) lie in the plane {v = Im ζ = 0}. Assume that A 1 , A 2 and A 3 are all different from ∞. Then the equations of the geodesics (A 1 , −1), (A 2 , 0) and (A 3 , 1) are respectively Hence the three axes are concurrent if and only if these two numbers are equal. The expressions of the A j computed above show that this is the case.
We proceed in the same manner if exactly one of the A j is equal to ∞. If two of the A j are equal to ∞, then we deduce from the expressions of the A j that the third one is also equal to ∞ ; in this case the axes are concurrent at ∞.
Remark 11. Levitt and Rosenberg ([LR85] ) have shown that if moreover Σ is properly embedded, then the plane (B 1 , B 2 , B 3 ) is a plane of symmetry of Σ ; we can deduce from this that the axes lie in this plane.
There is an analogue of proposition 5 for minimal surfaces in Euclidean space R 3 .
Proposition 6. Let Σ be a minimal surface in R 3 . Assume that Σ has finite total curvature, three ends and that all the ends are asymptotic to catenoids. Then the axes of the ends lie in the same plane and they are either parallel or concurrent.
Proof. Let E 1 , E 2 , E 3 be the ends of Σ, F j the flux of E j and T j (P ) its torque at the point P . We recall that the axis of E j is the set of the points where T j is zero, and that we have the formula T j (Q) = T j (P ) + − − → P Q × F j . Moreover, the two following "balancing formulae" hold :
∀P ∈ R 3 , T 1 (P ) + T 2 (P ) + T 3 (P ) = 0.
We can assume that the three axes are not all identical (otherwise the result is clear). For each j ∈ 1, 2, 3, let P j be a point of the axis of E j . Then the three axes are the straight lines P j + RF j . We can assume that P 1 , P 2 and P 3 do not lie on the same straight line, since the axes are distinct.
We have 0 = T 1 (P 1 ) = −T 2 (P 1 ) − T 3 (P 1 ) = − −− → P 1 P 2 × F 2 + − −− → P 1 P 3 × F 3 . Hence we get 0 =< T 1 (P 1 ), − −− → P 1 P 3 >=< − −− → P 1 P 2 × F 2 , − −− → P 1 P 3 >= det( − −− → P 1 P 2 , F 2 , − −− → P 1 P 3 ).
This means that the axis of E 2 lies in the plane containing P 1 , P 2 and P 3 . We obtain the same result for E 1 and E 3 . Hence the three axes are coplanar.
If the axes of E 1 and E 2 are parallel, then the axis of E 3 is also parallel to them since F 3 = −F 1 − F 2 .
If the axes of E 1 and E 2 are not parallel, then they meet at a point P 0 . Then we get T 3 (P 0 ) = −T 1 (P 0 )−T 2 (P 0 ) = 0. So the three axes are concurrent at P 0 .
Proposition 7. There is no 2-catenoidal surface with one catenoidal end and one horospherical end.
Proof. Assume that such a surface exists. Without loss of generality, we can assume that ∞ is not in the asymptotic boundary of the surface and that ∞ is not an extremity of the axis of the catenoidal end. Then the flux polynomials of its ends have the same roots. This is impossible since the flux polynomial of a catenoidal end has two simple roots and the flux polynomial of a horospherical is either zero or has a double root.
Remark 12. According to [CHR01] (A 1 , B) and (A 2 , B) be the axes of E 1 and E 2 , and 1−µ 1 and 1 − µ 2 their respective growths. Since the sum of the flux polynomial of the ends is zero, and since B = B 3 , we obtain that the flux coefficient of E 3 is zero, and then that A 1 = A 2 and µ 2 1 + µ 2 2 = 2.
